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This paper  discusses the  principal s t ructure of submodular  systems due to S. Fujishige. 
It is shown tha t  the principal s t ructure is the coarsest  decomposi t ion that  is finer than  any 
decomposi t ion induced by the principal part i t ion with respect  to a minimal nonnegative superbase.  
The concept  of "Hitchcock-type independent  flow" is introduced so tha t  previously known results 
on the principal s t ructures  for bipart i te  matchings,  layered mixed matr ices and independent  
matchings can be unders tood as applications of the present result. 

1. Introduction 

In the past couple of decades, the theory of matroids has become widely rec- 
ognized to be useful for practical problems in engineering as can be seen in Iri [8] 
and Recski [17]. A subrnoduIar system is a pair of distributive lattice and a sub- 
modular function on it and is a generalization of a matroid. Efficient algorithms in 
matroid theory, such as the greedy algorithm and matroid intersection algorithms, 
have naturally been extended to submodular systems. 

From the practical point of view, however, it is important not only to obtain an 
optimal solution but also to grasp hierarchical structure by an appropriate decom- 
position technique. Thus the concept of principal partition has been introduced. 
The principal partition is based on the Jordan-Halder type decomposition principle 
expounded in Iri [9], and is an extension of the Duhnage-Mendelsohn decomposi- 
tion [2] for bipartite graI)hs. 

One of the applications of the principal partition is the combinatorial canonical 
form of layered mixed matrices, which has been proposed by Murota [13] as a 
mathematical tool for describing discrete physical/engineering systems. It is known 
that  there uniquely exists a finest block-triangularization of an LM-matrix, which is 
called the combinatorial canonical form (or CCF). See also [15, 16] for LM-matriees. 

Another decoinposition principle, named pri',zcipal structu're of a subnlodular 
system has been proposed by Fujishige [5] in a somewhat abstract context. An 
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application of this principle to a submodular system associated with the column 
set of an LM-matrix is found in Murota [14], which extends the SP-decomposition of 
bipartite graphs due to McCormick [12]. It has been shown the principal structure 
is the coarsest decomposition that is finer than any decompositions induced by the 
CCF of the submatrix consisting of a base of the row set. 

The concept of principal structure has been extended by Tomizawa-- 
Fujishige [18] to that of a submodular function on a general (not necessarily dis- 
tributive) lattice. This extension has been used in investigating the combinatorial 
aspects of design-variable selections in engineering [10]. It has been shown that tile 
principal structure of a submodular function on a modular lattice associated with 
the row side of an LM-matrix gives tile coarsest decomposition that is finer than 
any decompositions induced by the CCF of the submatrix consisting of a base of 
the column set. This characterizes the upper bound on the extent to which the dis- 
crete physical/engineering system described by an LM-matrix can be decomposed 
by a suitable choice of design variables. 

These two results on the LM-matrices have been unified in the recent work 
[11], where we have treated a bipartite graph with a pair of matroids on its vertex 
sets, that defines "independent matchings." It has been shown that  the principal 
structure gives the best possible upper bound on the decompositions induced by 
the principal partitions. 

The main purpose of this paper is to understand these results in a sufficiently 
general framework and reveals the practical significance of the principal structure. 
We first deal with a submodular system and establish a first theorem characterizing 
its principal structure as the refinement of the principal partitions with respect 
to the minimal nonnegative superbases. This characterization, however, does not 
explain the previously known results as straightforward consequences. Then we 
consider a bipartite graph with a pair of polymatroid and nonnegative supermodular 
system with its vertex sets, that defines "Hitehcoek-type independent flows," and 
establishes a second theorem which contains the previously known results as special 
c a s e s .  

The outline of this paper is as follows. Section 2 provides preliminaries on 
submodular systems. In Section 3 we establish the first theorem which characterizes 
the principal structure of a submodular system in general in terms of the principal 
partitions. Section 4 is devoted to the second theorem on the principal partition 
for "Hitchcock-type independent flows." 

2. Preliminaries on Submodular Systems 

This section provides preliminaries on submodular systems. See also Fu- 
jishige [6, 7] for more detail. 
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2.1. Polyhedra and Fundamental Operations 

Let E be a finite set and 2)C 2 E be a (distributive) lattice with (/), E E 2). A 
function f :2?---~IR is said 1o be submod'ular if' it satisfies 

f ( X ) +  f(Y)_> f ( X U Y ) + f ( X N Y ) ,  X. YE2).  
For a submodular function f on 2) with .f(~)) = 0, the pair (2),f) is called a. 
submodular system, on/2 and f is called the rank .yunetio~ of (2), f ) .  

With a submodular systeln (2), f )  is associated a .sv.bmod'Mar' polyh.cd'r'on P(f)  
defined by, 

P( f )  = {z Ix E R E, VX E 2): x(X) < f(X)}.  

a vector in P(f)  is called a subbase of (~, f) .  We also define 

B(f)  = {x Ix E P(f) ,  a:(E) = f(E)},  

which is called the base polyhedron. A vector in B(f)  is a maximal subbase and is 
called a base of (2), f).  

Let (2),f) be a submodular system on E. a reduction of (2),f) by a vector 

z ER E is defined to be a submodular system (2 F~, F )  whose rank function is given 
by 

f z ( X ) = m i n { f ( Z ) + x ( X - Z )  I Z C X ,  Z ~ 2 ) }  (X ct~:). 

The submodular polyhedron of the reduction is expressed as 

P(fa:) = {YlY e P(f) ,  y < x}. 

A contraction of (2), f)  by a subbase x E P ( f ) i s  a submodular system (2/:', Ji,:) whose 
rank function is given by 

f x ( X ) = m i n { f ( Z ) - x ( Z - X ) I Z D X ,  Z c 2 ) }  ( X C E ) .  

The base polyhedron of the contraction is expressed as 

B(fx) = {YlY E B(f),  y >_ x}. 

Note that fz((~)=0 is due to the fact that :cE P(f) .  

Let F be a subset of E. Consider a subnmdular system (2)F, fF) defined by 

~F={xIXE~, XC_F}, 
. fY(x) = .f(X) (X E 2)F). 

This is called the restriction of (2), f )  to F, or the reduction by F, anti is denoted 
by (~, f ) .F.  A submodular system (2)F,fF) is said to be the contraction of (2),]') 
by F and denoted by (~, f ) /F,  where 

~ F =  { X -  F [ X  E:~, X D F}, 

f F ( X ) = f ( X U F ) - f ( F )  (X E 2)F). 
A submodular system obtained by repeated reductions and/or contractions of 
(~),f) by subsets is called a minor of (2),f). The following well-known lemma 
(ef. Lemma 3.1 in [7]), which relies on the concepts of reduction and contraction 
by sets, will be used later. 
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Lemma 2.1. Let, (2E,f) be a submodular system. For any F C E, there exist,s an 
extreme point x of the base polyhedron B(f)  such that x(F)= I(F). 

2.2. Duality and Supermodulm" Systems 

A function g:2)--+ R is said to be supermodular if its negative is a submodular 
function, i.e., 

g(X)+g(Y) <_g(XUY)+g(XNY) ,  X ,Yr  

The pair (2),9) is called a supermodular system if 9 is a supermodular function on 
2) with 9((3)=0. Polyhedra P(9) and B(g) defined by 

p(g) = {x I x r R ~,  v x  ~ 2): x ( x )  _> g ( x ) ) ,  

B(9) -- {x I x e P(.q), :~(E) = ~(E)} 

are called the supermodular polyhedrvn and the base polyhedron, respectively. A 
vector in P(g) is called a superbase and a vector in B(9) a base of the supermodular 
system (2),9). 

For a submodular system (2), f)  on E, we define 

~={E-x/x~2)}, 
I g ( E -  X ) =  f ( E ) -  f (X)  (X r 2)). 

Then the function f~ :~--~ R is supermodular, and the pair (~,f~) is called the 

dual supermodular system of (~ , f ) .  We also call z e P(f~) a superbase of (~,.f). 
The dual submodular system (~,9 ~) of a supermodular system (2),9) is defined in 

a similar way. It can be easily checked that B ( f ) = B ( f  t~) and (f~)~ = f .  
The flmdarnental operations on a supermodular system are defined similarly. 

Let (2),9) be a supermodular system on E. A reduction of (2),9) by a vector z E R  r" 

is a supermodular system (2E,gx) whose rank function is given by 

gx(Y) = max{g(Z) + x ( Y -  Z) I Z C Z, Z C 2)} (Z C_ Z). 

The supermodular polyhedron of the reduction is expressed as 

P(gx) = {YIY E P(g), y > x}. 

A contraction of (2),f) by a superbase x r P(g) is a supermodular system (2g,g z) 
whose rank function is given by 

gX(y) = max{9(Z) _ x(Z - Y) I Z D Y, Z r 2)} (Y C_ E). 

The base polyhedron of the contraction is expressed as 

B(g x) = {YlY E B(g), y _< x}. 

The reduction and contraction by a subset are also defined similarly to those of 
submodular systems. 
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2.3. Principal Partition with Respect to a Superbase 

Given a superhase :c E P(f~) of a sublnodular svsteIn (~), f ) ,  we define 

= { x  I x c 27, f ( x )  = f ( z )  - x)}, 
which forms a distributive lattice with E E 27(.I.:). Let 

: X o C X l g . . . c X , .  = E 

be a maximal chain in 27(x). Then i5 determines a partition {Eo ,E t , . . . ,  Er} of E. 
where E0 = X0 and Ek = XA. - X/~-I for k = 1 . . . .  r. Furthermore a partial order 
is defined by 

This parti t ion of E with the partial order, which will be denoted by 5~(:t:) = 
({E0,E~, . . . ,Er},_~),  is uniquely determined independently of the choice of' the 
maximal chain. In addition it is known as the Jordan-H6lder type theorem for 
submodular functions that  the family of minors (27, f ) - X k / X t c _  1 is uniquely de- 
termined no mat ter  which maximal chain we use. The fanfily of nfinors wilh the 
partial order is called the principal partition with respect to the SUl)erbase a:. 

2.4. Principal Structure of Submodular Systems 

The pi'incipal structure of submodular systems is defined as follows [5]. 

Consider a submodular system (27, f )  on E. Given an elmnent i E E, we denote 
by D( f ; i )  the minimum dement  of the distributive lattice 

2?(f;i) = {Y [i C Y C 27, f (Y)  = rain{f (Z) I i E Z E 2?}}. 

Since the relation _~ defined by 

i E_ j <eei E D ( f ; j )  

is reflexive and transitive by virtue of tile submodulari ty of a t', E is decomposed into 
partially ordered blocks as follows. Consider the equivalence relation ~ defined on 
E by 

i , - - , jeee iT- j ,  j~_ i ,  

and split E into the equivalence classes {F1,.. .  ,F~}. A partial order ___ is induced 
among the equivalence classes in such a way that  F k E_ F l iff i _E j for i C /O k and 
j E Fl. This decomposition, together with the partial order _~ among the blocks, is 
called the principal struct'are of the submodular system (2), f ) .  

In other words, this concept is understood as follows. 

Given an element X E 2? we denote by D ( f ; X )  the nfinimum element of the 
sublattice 

27(/ ;X) = {Y [ X C y C 2?, I ( Y )  = nfin{f(Z)  [ X C Z E 2?} }. 
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A mapping ~b : ~) --~ ~) is said [1] to be a closure function if it satisfies the 
following three conditions: 

(eL0) VXe~:XC_'~(X) .  

(CL1) VX, Y E ~ : X C _ Y ~ ( X ) C _ r  

(CL2) VX �9162 
Then the mapping D(f; . )  :g)--+~) is a closure function on 2). 

For a closure function g,, it can be easily shown that r  N Y) = X N Y if 
~ b ( X ) = X  and ~b(Y)=Y. That  is to say, the family { X I X � 9  ~ b ( X ) = X }  of 
"closed sets" is a lower semilattice. Therefore the subset X'(f)  defined by 

X ( f )  = {X I X  �9 ~, D ( f ; X )  = X}  

is a lower semilattice containing E. We call 3s the principal semilattice of (.~, f ) .  

The family of ideals of the principal structure coincides with the minimum 
sublattice which contains the principal semilattice ~5(f). 

3. Principal Structure and Principal Partitions 

This section is devoted to a theorem which reveals an essential relation between 
the principal structure and the principal partitions. 

The principal partition with respect to a superbase x coincides with the prin- 
cipal structure of the submodular system (g), f - x ) .  That  is, 

(1) ~)(x) = X ( f  - x), Vx �9 P( f i ) .  

Hence we focus on the relation between the principal structures of (~),f) and 
(~), f -  z), i.e., the relation between D(f ;X)  and D ( f -  z; X). Note, however, in 
the following lemma z is not supposed to be a superbase but a nonnegative vector. 

Lemma a.1. For any X E~ and any x>_O, 

D( f ;X )  C_ D( f  - x;X) .  

Proof. Fix X � 9  and put D 0 = D ( f ; X )  and Dx = D ( f - x ; X )  for notational 
simplicity. To establish DO C_ Dx, it suffices to show 

f(Do) >_ f(Do 7~ Dx). 

By the submodularity of f and the nonnegativity of x 

f(Do) - f(Do n Dz) > f(Do U Dz) - x(Do U Dx) - f (Dz)  + x(Dz), 

where the right-hand side must be nonnegative since X C_ Do U Dx. | 
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Let ~ be the set of minimal nonnegative superbases of (~), f) .  Note l, hat 

coincides with tile base polyhedron of a submodular system (2E,.[) whose rank 
function is given by 

(2) "f(X) = min{ f (Z)  l Z ~_ X, Z C :~} <~ (X  C_ S':), 
where ct is the minilnum value of f, i.e., 

o = m i n { f ( g )  I Y c ~}. 

Then we have the following lemma. 

Lemma a.2. For any X C 50, there exists a minimal nonnegative superbase x E ~ ot 
($~,f) such that 

D ( f ; X )  = D( f  - re;X). 

Proof. Fix X C ~ and put Do = D(f; X )  for notational simplicity. By the definitions 

of l a n d  D ( f ; X ) ,  it is cleat that  f (Do)=f(D0)-c~.  It  follows from Lemma 2./. that  

there exists z 6 ~  such that  x(Do)= f ( D o ) -  ce. Note tlaat x ( Z ) < / ( Z )  <_ f ( Z ) -  c~ 
for any Z E ~. Hence we have 

f(Do) - x(Do) = rain{f (Z) - x ( Z )  I X C Z C ~}, 

which implies DO D D ( f  - x; X). Since Do C D ( f  - m; X)  is proven in Lemma 3.1, 
we may conclude that  Do = D ( f  - x ;  X). li 

We are now ready to establish a relation hetween the principal structure and 
principal partitions, It follows fl'om Lenmm 3.1 that  D ( f -  x ;X)  = X implies 
D ( f ; X ) = X .  Hence, 

u~'(f - x) C X(] ' )  

holds for any nonnegative vector z. On the other hand, from Lemma 3.2, X = 
D ( f ; X )  implies the existence of a nonnegative base z such that  X = D ( f - x ;  X). 
That  is to say, 

x(s) c U x ( s -  .~). 

Thus we have 

x(s)  = U x (s  - ~), 
a:E~ 

which, together with (1), implies tt~e following theorem. See w 2.3 for f, he definition 
of ~(~). 

Theorem 3,3, For a submodular system (~), f ) ,  

x(s)  = U ~(~), 



522 SATORU IWATA 

where ~ is the set of minimal nonnegative superbases of (~, f).  | 

As is evident, from the proof, we may restrict the nonnegative bases x in 

Lemma 3.2 to the extreme points of } .  Therefore we have the following corollary. 

Corollary 3.4. For a submodular system (~, f) ,  

x(s) = U 

where ~3 designates the set of extreme points of the polyhedron which consists of 
the minimal nonnegative superbases of (~, f).  I I  

With the aid of Birkhoff's representation theorem [1], Corollary 3.4 is trans- 
lated to Corollary 3.5 in terms of partitions and partial order. Let 1-I be the col- 
lection of the pairs {rr,_~} of a partition rr of E and a partial order < among the 
blocks of re. A partial order, denoted by 4,  is introduced on 11 in such a way that 
Y 4 Y '  iff Y =  ({Fs _~') is a refinement of Y ' =  ({F['}, ~_"), i.e., (i) {Fs is a re- 

finement of {F['} as a partition and (ii) Fs C_ F/f~ (h = 1,2) and /7s _~/Fs 2 implies 

F[~ ~" F[~. It is easy to see that the partially ordered set (11, 4) forms a lattice. 

Then we have the following corollary. 

Corollary 3.5. Let ~p$ be the principal structure os a submodular system (9, f).  
Then 

where A designates the meet operation in the lattice II. | 

Example 3.6. Consider a function f on E={el ,e2,e3} defined by 

o ( x  = ~), 
f(x)= 1 ( I X I = l o r X = E ) ,  

2 (IXl = 2). 

Then (2 E, f )  is a submodular system. The base polyhedron is an equilateral triangle 

with vertices (1 ,1 , -1) ,  (1 , -1 ,1)  and ( -1 ,1 ,1) .  The function f ' i s  given by 

f ( x )  = { 0 ( x  = 0), 
1 ( x  # ~). 

Therefore ~ = {Xl,X2,X3} where xl = (1,0,0), x2 = (0,1,0) and x3 = (0,0,1). 
The principal partitions with respect to theses bases are as follows: ~)(Xl) = 
{0,{el},E},  ~(x2) = {~,{e2},E} and ~)(x3) = {~,{ea},E}. On the other hand, 
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the principal sernilattice is X ( f ) =  {O,{r We can see l,hat 1|,(' 
principal semilattice is the union of the principal partitions with respect 1o the 

bases in ~. | 

Example 3.7. Let f be a function on E =  {el, c2 } defined by 

- I  
f ( X )  = 0 

2 

( x  = {,~l}), 
( x  = ~ or .\" = E ) ,  
(X = {~2}). 

The base polyhedron B(f)  is a closed line segment connecting (-1,1)  to (-2,2).  

This submodular system (2 E, f)  has the only minimal nonnegative superbase x = 

(0,1). The flmetion .[is obtained as 

~'(x) = { 0 ( x  = 0 or x = {~1}), 
�9 1 ( x  = { ~ 2 }  or  X = Z ) ,  

Note that x is not a base of (2 g', f )  but of (2 E, f) .  The principal partition ol' (2 E, f)  
with respect to the superbase x is given by ~)(:c)= {{et}, E l ,  which coincides with 
the principal semilattice Z ( f )  = {{el }, E l .  | 

4. Hitehcock-type Independent Flows 

In this section, we introduce the concept of a Hitchcock-type indrpendent flow, 
which is a polymatroidal extension of the Hitchcock-type transportation, and at)l)ly 
Theorem 3.3 to its analysis. 

4.1. Definitions 

A polymatroid P = (S,p) is a submodular system (2's',p) whose rank function 
p is monotone nondecreasing, i.e., 

VX, Y C_ S : X C_ Y ~ p (X)  < p(Y).  

It can be easily checked that a submodular system (2 5', p) is a polymatroid iff its dual 
supermodular system has a nonnegative rank function. Note that  a nonnegative 
supernmdular flmction is necessarily monotone nondecreasing. 

Consider a bipartite graph G =  (S ,T;A)  with a polymatroid P =  (S,p) on the 

vertex set S and a supermodular system (2T,ry) with c~ nonnegative on the other 
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vertex set T. This network 2 ( =  (G, P, Q) defines Hitchcock-type independent flows, 

where Q = (T, or) denotes the nonnegative supermodular system (2 T, (7). 

For a flow ~ : A --+ R, which is a nonnegative function on the arc set A, we 

define 0 + ~ E R S and 0 -  ~ E R T by 

O+~(v) - ~ ~(a) (v E S), 
aESv 

- (,, T), 
aES'v 

where 5v denotes the set of the arcs incident to v. A flow ~ is said to be a feasible 
.flow or a Hitchcock-type independent flow in 2( if it satisfies O+p E P(p) and 

Since (7 is nonnegative, the dual subrnodular system (2T,(7 ~) is a polymatroid, 

which we denote by @ = (T,a~). Then the existence of a feasible flow in 2( = 
(G,P, Q) is equivalent to that of an independent flow of value (7(T) in the network 

JV" = (G,P,Q~). Applying the maximum-independent-flow minimum-cut theorem 
[4] to the network X ,  we obtain the following lemma, which can be derived also 
from the discrete separation theorem [3]. Recall that a cover of G is a pair (U, W) 
of U C S and W C T such that no edges exist between S -  U and T -  W. 

Lemma 4.1. The network 2 ( =  (G,P,Q) has ~ feasible flow iff p(U) >_ ( 7 ( r -  W)  for 
all covers (U, !/V) of G. | 

According to the general principle expounded in h'i [9], tile principal partition 
of 2( can be introduced as follows. Let Zt be the distributive lattice which consists 
of all the covers of G. The operations in 7A are defined by 

(U1, Wl) V (U2, I/V2) = (Ul K/U2, Wl [J W2), 

(u l ,  w1) A (u2, w2) = (ul  u u2, w l  n w2).  

T h e  rank of a cover (U, W) is p(U) - (7 (T-  W) ,  and the set of the minimum-rank 
covers forms a distributive lattice 4*, which yields a direct sum decomposition of 
the network 2(. This decomposition will be called the principal partition of 2(, and 
gives useNl informations on the structure of Hitchcock-type independent flows. See 
Appendix for the detail. 

We now introduce a submodular function f : 2  S--+R defined by 

(3) f ( X )  = (7~(Vr(X)) - p~(X) (X g S), 

where I 'T(X) denotes the set of the vertices adjacent to a vertex in X, i.e., 

FT(X)  = {j [ j E T, 3i E X :  ( i , j )  E A}. 

Note that f ( 0 ) = 0 .  
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For the sake of simplicity we assume that the bipartite graph G has no isolated 
vertex. Hence FT(S ) : T  and I ( S ) = ~ ( T ) - p ( S ) .  It can be easily shown that 

(4) min{p(U) - a (T  - W)  ] (U, IV) C ~} = min{f (X)  [ X _C_ S} - f (S ) .  

Thus Lemma 4.1 is rephrased as follows. 

Lemma 4.2. The network 2t = (G, P, Q) has a. feasible flow ifl' 

min{. f (X)  l X  _ S} = f (S) .  | 

Let ~ be the family of the minimizers of f .  Then 5f forms a sublattice of 

2 S. Note that 2g coincides with the distributive lattice induced from the principal 
partition, i.e., 

s~ -- {s  - u I ~ w  c T :  (U, W) ~ Zt*}. 

We also define a supermodular flmction 9:2 T--~R by 

9(Y)  = ~(Y) - p(Fs(Y))  (Y C T), 

where 

r s ( z )  = { i l i  ~ s, ~j c Y:  (i , j)  ~ A}. 

Note that g(~))=0. It can be easily shown that 

(S) min{p(U) - ~r(T - W) I (U, W) E U} = -max {g (Y )  I Y c T}. 

Hence Lemma 4.1 is also rephrased in terms of the supermodular function g. 

Lemma 4.3. The network or{= (G,P, Q) has a feasible flow ifl' 

max{g(Y) I Y _C T} = 0. | 

4.2. Result 

This section discusses the principal structure of the submodular system (2 S, f )  
defined by (3). Our main result (Theorem 4.6) shows that the principal structure 
gives the best-possible upper bound on the extent to which S is decomposed by the 
principal partition of a feasible network obtained by an augmentation of the supply 
or a reduction of the demand. 

When the network is infeasible, we have to augment the supply so as to meet 
the demand. As an augmentation of the supply it seems natural to consider a 
translation of the polymatroid P by a nonnegative vector. Tile following lemma 
shows how we should augment tile supply to get a fhasible network. 
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Lemma 4.4. For a nonnegative vector x E RS; let P be the polymatroid (S, p + x). 

Then the network Jf = (G, 1 ~ ,q) has a feasible flow ifl'x C P(.f~). 

Proof. It follows from Lemma 4.2 that Jf  = (G,I~, Q) is feasib]e iff 

f ( X )  , x (X )  >_ f (S )  - x(S),  VX C_ S, 

which is equivalent to x CP(fi) .  | 

Hence Theorem 3.3 means that the principal structure of the subnlodular 
function f gives the coarsest decomposition of S that is finer than the principal 
partition of any feasible network obtained by a minimal augmentation of the supply. 

Another way to make the network feasible is to reduce the demand. This 
is represented by a reduction of the nonnegative supermodular system Q by a 
nonnegative vector y and a translation 1)y -y .  We denote ])y ~(:~j) the rank function 

cry - y  of the supermodular system obtained by this operation (see ~ 2.1 for the 
notation of Cry). That is, 

(6) Cr(y)(Y) = max{Cr(Z) - y(Z) I Z C Y} (Y C T). 

Note that Cr(y) is still a nonnegative supermodular function. The following lemma 

tells that the supermodular system (2 T,g) shows how we should reduce the demand 
to get a feasible network. 

Lemma 4.5. Denote (T, Cr(y) ) by Q'. Then the network o~ ~ = (G, P, Q~) has a feasible 

flow i ffy EP(9). 

Proof. It follows from Lemma 4.3 that ~ =  (G,P, Q/) is feasible iff 

Cr(.v)(Y) - p(rs(Y))  < O, VY C_ T. 

This is equivalent to 

Cr(Z) - min{p(rs (Y) )  I Y D_ Z} <_ y(Z),  VZ C_ T. 

From the monotonicity of p this is further equivalent to 

Cr(Z) - p(Ps(Z))  <_ y(Z),  VZ C_ T, 

which holds iff y C P(9). | 

Let ~/ be the set, of minimal nonnegative superbases of (2T,g). This is the 
set of nfinimal nonnegative vectors y by which reducl;ions of the demand make the 
network feasible. 

Let us consider the principal partition of the network oq~ t = (G,P,QI). We 

define Z(y) to be the sublattice of 2 s induced from the principal partition of 
o~f=(G,P,QI).  That is, 

s~(v) : { s  - u I ? w  c T :  (U, W) �9 U*(v)} ,  
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where ?Z*(y) denotes the family of minimum-rank covers of y~l= (G,P,QI). Note 
that ~(y) is the set of minimizers of the submodular function .f(,) given by 

"f ,y (7) /(:,,/(x) = % / - ( F T ( .  ) )  - ,~(X)  (.X c S). 

As to the principal structure of the submodular system (2 's', f) ,  we have the 
following theorem whose proof is postponed to Section 4.3. 

Theorem 4.6. Let X ( f )  be the principal semilat t ice of  f . Then we have 

x(.r) = U ~(~")= U e(y)~ 

where ~ and Yd ~ denote the set o f  min imal  nonnegative superbases of (2 ~g',,f) and 

(27',g), respectivel3/. 

Note that the first equality is shown in Theorem a.a. i t  will become obvious 
fl'om the proof that we may restrict y E Yd ~ to be integral if the rank flmctions p and 
rr are integer-valued. 

4.3. Proof 

We begin with a fundamental property of the parametrized family of super 
modular functions or(.)(.) defined by (6). 

Lemma 4.7. For any }~,Y2 C T and ?If ,Y2 E R  T it holds that  

o-(:,j~)(Y~) + % : , ) ( � 8 9  < o-(..,j,vy~)(Y~ N Y2) + o(vla,~)(> u ~ ) ,  

where ?J1 V ~.12 E R T,  7]1 A Y2 E R T such that (?/1 V ?12)(J) = max{!/ l (J) , !]2(J)}  and 
(Yl a V2)( . j )=min{w(j) ,w(j)} ford cT .  

Proof. Suppose Z] C_ Y~ and Z2 C Y2 attain cr(yl)(Y1) = c r ( Z l ) -  y l (Zj )  and 

(7 ( .v 2 ), ,t Y,> ) . . . . .  = (r(Z2) - y*(Z2), respectively. Using the fact that Zt G Z2 C Y1 m Y9 

and Z1 U Z 2  C Y1 U ] ~ ,  we have 

r7(y,) (YI) q- o'0,,2)(Y2) = dr(Z1) q o'(Z2) - Yl (Z]) - y2(Z2) 

< ~(& n z , )  - (v~ v :j2)(& n z2) + ~ ( &  u & )  (y~ m V2)(& u Z,~) 

< ,na• - (.v:t v y , ) ( z )  I z c Y, I-I Y2} 
+ ,nax{o-(Z) - (:W A >.)(Z)IZ C r~ u ~}.  ! 

As a consequence of this lelnma, we have the following corollary on f(.)( �9 ) 

defined by (7). 
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Corollary 4.8. For any X1, X 2 C S and Pl,Y2 E ~T it holds that 

f(yl}(Xl ) + f{y2}(X2) >_ f{ylAy2)(X1 f'l X2) + f(ylVy~}(X1 U X2). 

Proof. It follows from Lemma 4.7 that 

c~(yl/~(rT(Xl)) + criy21~(rT(X2)) 

_> ~r(miv2)~(rT(Xl n X2)) + a(y~vy2)~(rT(x1 u X2)), 

which, together with the supermodularity of p~, completes the proof. | 

This corollary plays an essential role in proving the following lemma similar to 
Lemma 3.1. 

Lemma 4.9. For any X C S and any y > 0 we have 

D(I; X) C D(f(y); X). 

Proof. Fix X E ~) and put Do = D(f ;X)  and Dy = D(f{y);X) for notational 

simplicity. To establish Do C Dy, it suffices to show 

f(Do) >_ f(Do M Dr). 

Since y is nonnegative, we have y V 0 = y  and y A 0 = 0 .  Then it follows from 
Corollary 4.8 that 

f(Do) - f(Do A D~j) >_ f(y)(Do U Dy) - f(,,)(Dy), 

where the right-hand side must be nonnegative since X C_ DO U Dy. | 

Consider the reduction of (2r,g) by the zero vector. The rank function is given 
by 

go(Y)=max{g(Z)  I Z C - Y }  (YC_T). 

The base polyhedron of (2 T,g) coincides with the set y~/ of minimal nonnegative 

superbases of (2T,g). Then we have the following lemma. 

Lemma 4.10. For any xE:~ there exists yE:B' sud~ that $(x) C_Sf(y). 

Proof. Fix x E :~ and denote the polymatroid (S, p+x) by 15 . Recall that :~ coincides 

with the base polyhedron of (2 S, f )  where f is defined by (2). 

As is shown in Lemma 4.4, the network 2 = (G,P,  Q) has a feasible flow ~. 

Decrease the flow monotonously to get a flow ~ such that O+~=O+~-x  and ~ < ~. 
Put  y = 0 - q 5 - 0 - ~ ,  and then ~ is a feasible flow in the network ~ / =  (G,p,Q/) .  



P R I N C I P A L  S T R U C T U R E  O F  S U B M O D U L A R .  S Y S T E M S  529  

Since y ( T ) = z ( S ) =  f'(S), it follows from (4)and (5) tha t  !](T)=g0(T), and thus 
:qE~/. 

We now claim that X E2E(.V) if X E ~(:r). Since the network o ~ ' :  (G,P, Q') is 
feasible, it suffices to show that f(:,j)(X) < f@)(S). A direct calculation using (6) 

and (7) shows that 

f(~,)(X) = o-(y}(T) - o-(T) + .b'(T) - p~(X) + min{o-:(Y) - y(Y) I Z n FT(X)}. 

Hence, noting f(S)=f(S)+min{f(Z)lZG s}, we have 

f(~j)(X)- f(y)(S) = min{~(Y)-.~J(Y) I Y _~ rr(X)}-p~(X)-min{f(Z) lZ C_ S} 
< .f(X)-y(rT(X))-min{f(Z) I z c_ s}  <_ .f(X)-:,:(X)-rain{f (Z) I z _c s} = o, 

where the last equality follows from :rE,~ and X E~)(z). | 

It follows from Lernma 4.9 that ~(~j) C K ( f )  fbr any nonnegative vector 9. On 
the other hand, Theorem 3.3 and Lemma 4.10 show that 

x(,r) = U ~(:':)_c U z(y). 

Thus we have proved Theorem 4.6. 

4.4. Discussion 

The previously known result [11] on the principal structure for independent 
matchings can be understood from the present result as follows. Suppose both 

P = (S,p) and Qtt = ( T , ~ )  = (T,Q are matroidal polymatroids, i.e., p(X) < IX I 
for all X C_ S and ~(Y) < IYI for all Y C_ T. Let M = (T,#) be the union matroid 
of (T,r) and (T,q*), where (T,r) is induced from P by G and (T,r is the dual 

matroid of Q~. The rank functions are given by 

#(Y) = min{'r(Z) + <*(Z) - Izl l  z c y}  + IYI (Y c_ T), 

T(Y) = min{p(r,~,(z)) - I Z l l  z c y} + IZl (Y r it), 

~*(z) : l Z l -  ~(z)  (Y c T). 
Then a simple calculation derives 

#(Y)  = IYI - go(Y), 

which implies that the integral bases of (2T,g0) correspond to the characteristic 
vectors of the cobases of M. Suppose .y E 5~ t is the characteristic vector of the 
cobase K of M. Then we have 

~<y>(z) = max{~(z) - I z  n KI[ Z c Y} = ~(Y - K). 

Hence we have the following corollary to Theorem 4.6. 
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Corollary 4.11. Denote by .~[B] the sublattice of 2 S induced by the principal 
partition of ~ B  = (GB,P ,Q '  B), where G B is the induced subgraph of G on 
the vertex set SOB,  Let :B be the base family of M and X ( f )  be the principal 

semila, ttice of (2 s,  f) ,  Then we have X ( f )  = U ~[/71" | 
BC23 

This is tantamount to the main result (Theorem 3) in [11], since 

a0)~(J  ) = cr~(J U K) - ~ ( I ( )  

is the rank function of the contraction of q~ by K, 

5. Conclus ion 

A concrete meaning of the principal structure of submodular syst.ems is dis- 
cussed, It has been shown that the principal structure is the coarsest decomposition 
that is finer than any decomposition induced by the principal partition with respect 
to a minimal nonnegative superbase. This result reflects that tile principal struc- 
ture is essentially concerned with such concepts as nonnegativity, whereas most 
materials in submodular systems theory are invariant with respect to translations. 

A p p e n d i x  

This appendix explains the principal partition of the network 2f. See w d.1 for 
the notations. 

Let 

~* : (U0, ~V0)~(U1, W l ) ~ . '  �9 ~(g,., 1/14.) 
be a maximal chain in U*, and put 

S o = S - u o ,  To = Wo, 

S k = U k _ l - U l c  , T a , = W k - W k _ I  for k = 1 , . . . , r ,  

Soo =Ur, Too = T -  14Lr. 

Note that  the network ~ has a feasible flow iff Scc =Too =~. 
Let G k = (Sk,Tk;Ak) be the induced subgraph of G for k = 0 ,1 , . . . , r ,  oo. 

Polymatroidal structures are also induced by 

P0 = P/Uo, Q0 = Q x W0, 

Pk = P U k - 1 / U k ,  Ok = Q • W k , \ W ~ - l ,  for k = 1 , . . . , r ,  

P ~  = P . g~, Qoo = OXW,., 
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where Q • W denotes the contraction by T - W  and Q \ W  denotes the restriction 
Io T -  W. (See ,~ 2.1 for the definitions of P / U  and P.  U.) 

This decomposition of the network 2f into components ~L, = (Gk, Pk, Qk) will 
be called the principal parti t ion of ~ ,  and gives useful informations on the structure 
of Hitchcock-type independent flows. For example, feasible flows never use the edges 
that  connect different components. Therefore we may compute a "nlininmm-cost 
feasible flow" of a large-scale network o~ by solving the optinfization problem in 
ca.oh componen~ aq~k i,ldependently. 

Suppose the.' rank f, mctions ~re given by r,(X) = lXl ~md ~,(Y) = IYI. I~ 
this case the principal partition of ~ is nothing but the Duhnage-Mendelsohn 
decomposition [2] of the biparti te gral)h G. Thus the principal parti t ion is an 
extension of the Duhnage-Mendelsohn decomposition, 
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