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This paper discusses the principal structure of submodular systems due to S. Fujishige.
It is shown that the principal structure is the coarsest decomposition that is finer than any
decomposition induced by the principal partition with respect to a minimal nonnegative superbase.
The concept of “Hitchcock-type independent flow” is introduced so that previously known results
on the principal structures for bipartite matchings, layered mixed matrices and independent
matchings can be understood as applications of the present result.

1. Introduction

In the past couple of decades, the theory of matroids has become widely rec-
ognized to be useful for practical problems in engineering as can be seen in Iri [8]
and Recski [17]. A submodular system is a pair of distributive lattice and a sub-
modular function on it and is a generalization of a matroid. Efficient algorithins in
matroid theory, such as the greedy algorithm and matroid intersection algorithms,
have naturally been extended to submodular systems.

From the practical point of view, however, it is important not only to obtain an
optimal solution but also to grasp hierarchical structure by an appropriate decom-
position technique. Thus the concept of principal partition has been introduced.
The principal partition is based on the Jordan-Hélder type decomposition principle
expounded in Tri [9], and is an extension of the Dulmage-Mendelsohn decomposi-
tion [2] for bipartite graphs.

One of the applications of the principal partition is the combinatorial canonical
form of layered mixed matrices, which has been proposed by Murota [13] as a
mathematical tool for describing discrete physical/engineering systems. It is known
that there uniquely exists a finest block-triangularization of an LM-matrix, which is
called the combinatorial canonical form (or CCF). See also [15, 16] for LM-matrices.

Another decomposition principle, named principal structure of a submodular
system has been proposed by Fujishige [5] in a somewhat abstract context. An
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application of this principle to a submodular system associated with the column
set of an LM-matrix is found in Murota [14], which extends the SP-decomposition of
bipartite graphs due to McCormick [12]. It has been shown the principal structure
is the coarsest decomposition that is finer than any decompositions induced by the
CCF of the submatrix consisting of a base of the row set.

The concept of principal structure has been extended by Tomizawa-
Fujishige [18] to that of a submodular function on a general (not necessarily dis-
tributive) lattice. This extension has been used in investigating the combinatorial
aspects of design-variable selections in engineering [10]. It has been shown that the
principal structure of a submodular function on a modular lattice associated with
the row side of an LM-matrix gives the coarsest decomposition that is finer than
any decompositions induced by the CCF of the submatrix consisting of a base of
the column set. This characterizes the upper bound on the extent to which the dis-
crete physical/engineering system described by an LM-matrix can be decomposed
by a suitable choice of design variables.

These two results on the LM-matrices have been unified in the recent work
[11], where we have treated a bipartite graph with a pair of matroids on its vertex
sets, that defines “independent matchings.” It has been shown that the principal
structure gives the best possible upper bound on the decompositions induced by
the principal partitions.

The main purpose of this paper is to understand these results in a sufficiently
general framework and reveals the practical significance of the principal structure.
We first deal with a submodular system and establish a first theorem characterizing
its principal structure as the refinement of the principal partitions with respect
to the minimal nonnegative superbases. This characterization, however, does not
explain the previously known results as straightforward consequences. Then we
consider a bipartite graph with a pair of polymatroid and nonnegative supermodular
system with its vertex sets, that defines “Hitchcock-type independent flows,” and
establishes a second theorem which contains the previously known results as special
cases.

The outline of this paper is as follows. Section 2 provides preliminaries on
submodular systems. In Section 3 we establish the first theorem which characterizes
the principal structure of a submodular system in general in terms of the principal
partitions. Section 4 is devoted to the second theorem on the principal partition
for “Hitchcock-type independent flows.”

2. Preliminaries on Submodular Systems

This section provides preliminaries on submodular systems. See also Fu-
jishige [6, 7] for more detail.
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2.1. Polyhedra and Fundamental Operations

Let £ be a finite set and D C 2% be a (distributive) lattice with ), £ €D. A
function f:2—R is said to be submodular if it satisfies
FX)+ f(Y) > f(XUY)+ [(XNY)., X.Yed
For a submodular function f on & with [(#) = 0, the pair (D.f) is called a
submodular system on E and f is called the rank function of (D, [).
With a submodular system (2, f) is associated a submodular polyhedron P(f)
defined by
P(f)={z|zeRl VX e o(X)< f(X)}
A vector in P(f) is called a subbase of (7, f). We also define
B(f) = {x |« € P(), #(B) = F(E)},
which is called the base polyhedron. A vector in B(f) is a maximal subbase and is
called a base of (D, f).

Let (2, f) be a submodular system on E. A reduction of (D, f) by a veclor
z€RE is defined to be a submodular system (QE,,/""T) whose rank function is given
by

FEX) = min{f(Z) + (X~ Z) | ZC X, Ze D} (X CE).
The submodular polyhedron of the reduction is expressed as
P(f")={ylyeP(f), y <a}.
A contraction of (9, f) by a subbase 2 € P(f) is a submodular system (27, f,.) whose
rank function is given by
fo(X)=min{f(Z)-2(Z-X)|Z2X. Z€D} (XCE).
The base polyhedron of the contraction is expressed as
B(fz) ={y|y€B(f). y >z}
Note that f,(0#)=0 is due to the fact that z € P(f).

Let F be a subset of E. Consider a submodular system (SDF, fF) defined by
PF={X|Xed XCF}.

X = 1) (x e
This is called the restriction of (2, f) to F, or the reduction by F, and is denoted
by (D,f)-F. A submodular system (D, fg) is said to be the contraction of (D, [)
by F and denoted by (2, f)/F, where

Dp={X-F|Xed, XDF},

fr(X)=[(XUF)- [(F) (X€Dp).

A submodular system obtained by repeated reductions and/or contractions of
(D,f) by subsets is called a minor of (2, f). The following well-known lemma

(cf. Lemma 3.1 in [7]), which relies on the concepts of reduction and contraction
by sets, will be used later.
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Lemma 2.1. Let (ZE,f) be a submodular system. For any F C E, there exists an
extreme point x of the base polyhedron B(f) such that x(F)= f(I).

2.2. Duality and Supermodular Systems

A function g:2— R is said to be supermodular if its negative is a submodular
function, i.e.,
g(X)+9(Y) <g(XUY)+g(XNY), X, Yed
The pair (D,g) is called a supermodular system if g is a supermodular function on
2D with g(0)=0. Polyhedra P(g) and B(g) defined by
P(g) = {z |z eRF, VX € D: 2(X) > g(X)},
Blg) ={z |z € Plg), (E) =g(E)}
are called the supermodular polyhedron and the base polyhedron, respectively. A
vector in P(g) is called a superbase and a vector in B(g) a base of the supermodular
system (D, g).
For a submodular system (2, f) on F, we define

J={E-X|Xed}
ME-X)=[(B)-(X) (Xed).

Then the function f#:9 — R is supermodular, and the pair (@,fﬁ) is called the
dual supermodular system of (D,f). We also call z € P(f*) a superbase of (D,1)-
The dual submodular system (D,g*) of a supermodular system (2, g) is defined in
a similar way. It can be easily checked that B(f)=B(f*) and (fHi=/.
The fundamental operations on a supermodular system are defined similarly.
Let (D, g) be a supermodular system on E. A reduction of (D,g) by a vector = € RF
is a supermodular system (2E ,gz) whose rank function is given by
92 (Y) =max{g(Z)+ (Y - Z2) | ZCY, Z e D} (Y CE).
The supermodular polyhedron of the reduction is expressed as
Plgz) = {y |y € P(g), y > z}.
A contraction of (9, f) by a superbase x € P(g) is a supermodular system (2%, ¢%)
whose rank function is given by
F¥)=max{g(Z)-x(Z-Y)|Z2Y, Z¢ D} Y CE).
The base polyhedron of the contraction is expressed as
B(¢*) ={y |y €B(g), y < =}.
The reduction and contraction by a subset are also defined similarly to those of
submodular systems.
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2.3. Principal Partition with Respect to a Superbase

Given a superbase .c € P(f!) of a submodular system (2, f), we define
D)= {X | X €D, [(X)= }(E) - a(E - X)}.
which forms a distributive lattice with E€2(x). Let
6: XoCX S CX, = B
be a maximal chain in D(z). Then 6 determines a partition {Fp, Fy,.... Fp} of F.
where Fo=Xg and Ep, =X — X1 for k=1,...,r. Furthermore a partial order =<
is defined by
E.=E e VXedlz): XDE =>XDE
This partition of E with the partial order, which will be denoted by P(x) =
({Fo,Er,...,E,},=), is uniquely determined independently of the choice of the
maximal chain. In addition it is known as the Jordan-Hoélder type theorem for
submodular functions that the family of minors (D, f)- X};./Xp_1 15 uniquely de-
termined no matter which maximal chain we use. The family of minors with the
partial order is called the principal partition with respect to the superbase x.

2.4. Principal Structure of Submodular Systems

The principal structure of submodular systems is defined as follows [5].

Consider a submodular system (2, f) on E. Given an element i€ E, we denote
by D(f;%) the minimum element of the distributive lattice

D(f;0)={Y |ieYed f(Y)=mn{f(Z)|ic ZeD}}.
Since the relation C defined by
tCjeie D(/3))
is reflexive and transitive by virtue of the submodularity of f, ¥ is decomposed into
partially ordered blocks as follows. Consider the equivalence relation ~ defined on
E by
and split £ into the equivalence classes {Fi,...,Fs}. A partial order C is induced
among the equivalence classes in such a way that Fj, C F; iff iC j for 1 € F}, and
j € F;. This decomposition, together with the partial order C among the blocks, is
called the principal siructure of the submodular system (2, f).
In other words, this concept is understood as follows.

Given an element X € 2 we denote by D(f;X) the minimum element of the
sublattice

DSX)={Y | X CY €D, [(¥)=min{f(Z)| X C Z € D} }.
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A mapping ¥ : D — 2D is said [1] to be a closure function if it satisfies the
following three conditions:

(CLO) VX €D: X Co(X).
(CL1) VX, Y €D: X CY =4(X)Co(Y).

(CL2) VX €D:y(d(X))=9(X).
Then the mapping D(f;+):D—D is a closure function on J.

For a closure function ¢, it can be easily shown that (X NY)=XnNY if
P(X)=X and ¥(Y) =Y. That is to say, the family {X | X € D, ¥(X)= X} of
“closed sets” is a lower semilattice. Therefore the subset X(f) defined by

K ={X|Xed D(f;X)=X}

is a lower semilattice containing £. We call X(f) the principal semilattice of (D, f).
The family of ideals of the principal structure coincides with the minimum
sublattice which contains the principal semilattice X{f).

3. Principal Structure and Principal Partitions

This section is devoted to a theorem which reveals an essential relation between
the principal structure and the principal partitions.

The principal partition with respect to a superbase x coincides with the prin-
cipal structure of the submodular system (2, f —z). That is,

(1) D(x)=K(f —-xz), VeeP(h.

Hence we focus on the relation between the principal structures of (2,f) and
(D, f —x), i.e., the relation between D(f;X) and D(f —xz;X). Note, however, in
the following lemma z is not supposed to be a superbase but a nonnegative vector.

Lemma 3.1. For any X €2 and any © >0,
D{f; X) C D(f — z; X).
Proof. Fix X € 2 and put Dg = D(f;X) and Dg = D(f —2;X) for notational
simplicity. To establish Dy C D, it suffices to show
f(Do) Z f(Do NV D).
By the submodularity of f and the nonnegativity of z
f(Do) = f(Do N Dg) 2 f{DoV De) — x(Do U Dz) — f(Dz) + 2(Dx),

where the right-hand side must be nonnegative since X C DgU Dy. i
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Let B be the set of minimal nonnegative superbases of (D, f}. Note that B
coincides with the base polyhedron of a submodular system (2E /A) whose rank
function is given by
(2) FX)=min{f(Z) | 22X, €D} —a (X CE),
where « is the minimum value of [, i.e.,

a=min{f(Y)|Y € D}.
Then we have the following lemma.
Lemma 3.2. For any X €2, there exists a minimal nonnegative superbase x € B of
(D,f) such that

D(f; X) = D(f - 2; X).
Proof. Fix X €2 and put Dy= D(f; X) for notational simplicity. By the definitions
of { and D(f;X), it is clear that F(Dy)=F(Dg)—a. It follows from Lemma 2.1 that

there exists z €8 such that z(Dg) = f(Dp) — . Note that z(7) < )< (7))~
for any Z €2. Hence we have

f(Dg) = z(Dg) =min{f(Z) —2x(Z) | X C Z € D},
which implies Dg 2 D(f —z;X). Since Dy C D(f~x;X) is proven in Lemma 3.1,
we may conclude that Dg=D(f —x; X). |

We are now ready to establish a relation between the principal structure and
principal partitions. It follows from Lemma 3.1 that D(f —x; X) = X implies
D(f; X)=X. Hence,

K(f - ) CX(F)
holds for any nonnegative vector . On the other hand, from Lemma 3.2, X =
D(f;X) implies the existence of a nonnegative base x such that X =D(f —z; X).

That is to say,
nelJxu-a.
mE%

= [J X(f ),
3363’5’

which, together with (1), implies the following theorem. See § 2.3 for the definition
of D(x).

Theorem 3.3. For a submodular system (2, f),

= U D(z)

reB

Thus we have
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where B is the set of minimal nonnegative superbases of (D, f). ]

As is evident from the proof, we may restrict the nonnegative hases = in

Lemma 3.2 to the extreme points of B. Therefore we have the following corollary.

Corollary 3.4. For a submodular system (2, f),

x(f) = D),
me.f

where B designates the set of extreme points of the polyhedron which consists of
the minimal nonnegative superbases of (2, f). 1

With the aid of Birkhoff’s representation theorem [1], Corollary 3.4 is trans-
lated to Corollary 3.5 in terms of partitions and partial order. Let IT be the col-
lection of the pairs {m, =<} of a partition 7 of F and a partial order < among the
blocks of w. A partial order, denoted by <, is introduced on IT in such a way that
P'gP" i P =({F[},=) is a refinement of P"=({F/'},="), ie., (i) {F]} is a re-
finement of {F]'} as a partition and (i) F7, CF/ (h=12) and Fy = Fy, implies
Fll; <" Fl’g" It is casy to see that the partially ordered set (II,x) forms a lattice.
Then we have the following corollary.

Corollary 3.5. Let Ppg be the principal structure of a submodular system (D, ).
Then

Pps = N\ Plo),
33633

where A designates the meet operation in the lattice I1. | |

Example 3.6. Consider a function f on E={ey,ea,e3} defined by

0 (X =0),
f(X)=X1 (| X|=1lor X =E),
2 (|XI=2).

Then (2E, f) is a submodular system. The base polyhedron is an equilateral triangle
with vertices (1,1,—1), (1,—1,1) and (—1,1,1). The function 7 is given by

- 0 (X =0),
f(X>:{1 (X £0).

Therefore B = {z1,29,23} where z1 = (1,0,0), z2 = (0,1,0) and z3 = (0,0,1).
The principal partitions with respect to theses bases are as follows: D(xq) =
{0,{e1},E}, D(z2) = {0,{e2},E} and D(x3) = {#,{e3},E£}. On the other hand,
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the principal semilattice is K(f) = {0,{e1}.{e2}.{e3}, E}. We can see that the
principal semilattice is the union of the principal partitions with respect to the

bases in 3. |
Example 3.7. Let [ be a function on F={e|,ey} defined by

1 (X ={e1}),
(X=0or X =F),

(X = {es)).

f(x) =

o O

The base polyhedron B(f) is a closed line segment connecting (—1,1) to (—2,2).
This submodular system (2E,f) has the only minimal nonnegative superbase & =

(0,1). The function )? is obtained as

2o O (X =0or X ={e}),
o= {0 obax =t

Note that x is not a base of (2, /) but of (2£, /A) The principal partition of (2, 1)
with respect to the superbase x is given by D(x)={{e;}. E'}, which coincides with
the principal semilattice X(f)={{e1},E}. |

4. Hitchcock-type Independent Flows

In this section, we introduce the concept of a Hitchcock-type independent flow,
which is a polymatroidal extension of the Hitcheock-type transportation, and apply
Theorem 3.3 to its analysis.

4.1. Definitions

A polymatroid P = (S, p) is a submodular system (2°,p) whose rank function
p is monotone nondecreasing, i.e.,

VX, Y CS: X CY = p(X) <p(Y).

It can be easily checked that a submodular system (25 ,p) is a polymatroid iff its dual
supermodular system has a nonnegative rank function. Note that a nonnegative
supermodular function is necessarily monotone nondecreasing.

Consider a bipartite graph G =(S,T;A) with a polymatroid P=(S,p) on the

vertex set S and a supermodular system (27 .0} with o nonnegative on the other
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vertex set T'. This network # = (G, P, Q) defines Hitchcock-type independent flows,
where Q= (T,0) denotes the nonnegative supermodular system (27,0).

For a flow p: A — R, which is a nonnegative function on the arc set A, we
define 6+cp€RS and a"cpERT by

()= wla) (veSs),

acbv

" p(w)= Y ple) (veT),

agév
where 6v denotes the set of the arcs incident to v. A flow ¢ is said to be a feasible
flow or a Hitchcock-type independent flow in K if it satisfies 9Ty € P(p) and
9~ peP(o).
Since ¢ 1s nonnegative, the dual submodular system (2T,05) is a polymatroid,

which we denote by Qf = (T,6%). Then the existence of a feasible flow in # =
(G,P,Q) is equivalent to that of an independent flow of value ¢(T) in the network

N = (G,P,Qﬁ). Applying the maximum-independent-flow minimum-cut theorem
[4] to the network &', we obtain the following lemma, which can be derived also
from the discrete separation theorem [3]. Recall that a cover of G is a pair (U, W)
of UCS and W CT such that no edges exist between S—U and T—W.

Lemma 4.1. The network £ =(G,P,Q) has a feasible flow iff p(U)> (T —W) for
all covers (U, W) of G. ]

According to the general principle expounded in Iri [9}, the principal partition
of # can be introduced as follows. Let U be the distributive lattice which consists
of all the covers of G. The operations in U are defined by

(U1, W1) v (U, W) = (U1 N U, W1 U Wy),
(Ur, W) A (Ug, W3) = (Uy U U, Wy N Wa).

The rank of a cover (U,W) is p(U)—o(T — W), and the set of the minimum-rank
covers forms a distributive lattice U*, which yields a direct sum decomposition of
the network #. This decomposition will be called the principal partition of #, and
gives useful informations on the structure of Hitchcock-type independent flows. Sece
Appendix for the detail.

We now introduce a submodular function f:QS — R defined by
(3) [(X) =t (Tp(X)) - PH(X) (X C9),
where I'p(X) denotes the set of the vertices adjacent to a vertex in X, i.e.,
I'p(X)={j1jeT, JieX:(ij) € A}.
Note that f(@)=0.
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For the sake of simplicity we assume that the bipartite graph G has no isolated
vertex. Hence I'p(S)=T and f(S)=0(T)—p(S). It can be easily shown that

(4)  min{p(U) —o(T-W) | (U,W) e U} =min{f(X)]| X C S} - f(S).
Thus Lemma 4.1 is rephrased as follows.

Lemma 4.2. The network # =(G,P,Q) has a feasible flow iff

min{f(X) | X C §} = (). I

Let £ be the family of the minimizers of f. Then & forms a sublattice of

25 Note that £ coincides with the distributive lattice induced from the principal
partition, i.e.,

L={S-U|3W CT:(UW)eU*}.
We also define a supermodular function g:27 —R by
g(Y)=0o(Y)—p(Ls(Y)) (Y CT),
where

Fg(V)={i|i€ S, FjeY: (i) AL
Note that g(#)=0. It can be easily shown that

(5) min{p(U) —o(T - W) | (U,W) e U} = —max{g(Y) | Y C T}.
Hence Lemma 4.1 1s also rephrased in terms of the supermodular function g.
Lemma 4.3. The network # =(G,P,Q) has a feasible flow iff

max{g(Y)| Y CT}=0. ]

4.2. Result

This section discusses the principal structure of the submodular system (27, f)
defined by (3). Our main result (Theorem 4.6) shows that the principal structure
gives the best-possible upper bound on the extent to which S is decomposed by the
principal partition of a feasible network obtained by an augmentation of the supply
or a reduction of the demand.

When the network is infeasible, we have to augment the supply so as to meet
the demand. As an augmentation of the supply it seems natural to consider a
translation of the polymatroid P by a nonnegative vector. The following lemma
shows how we should augment the supply to get a feasible network.
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Lemma 4.4. For a nonnegative vector x €RS, let P be the polymatroid (S, p+w).
Then the network H# = (G,f’,,Q) has a feasible flow iff x e P(f).

Proof. 1t follows from Lemma 4.2 that J=(G,P,Q) is feasible iff
| J(X) = 2(X) 2 [(8) ~(S), VX CS,
which is equivalent to z € P(f%). |

Hence Theorem 3.3 means that the principal structure of the submodular
function f gives the coarsest decomposition of S that is finer than the principal
partition of any feasible network obtained by a minimal augmentation of the supply.

Another way to make the network feasible is to reduce the demand. This
is represented by a reduction of the nonnegative supermodular systemm Q by a
nonnegative vector y and a translation by —y. We denote by Ty the rank function

oy —y of the supermodular system obtained by this operation (see § 2.1 for the
notation of oy ). That is,

(6) o) (Y) = max{a(Z) —y(2) | ZC Y} (¥ CT).

Note that Oy Is still a nonnegative supermodular function. The following lemma

tells that the supermodular system (27, g) shows how we should reduce the demand
to get a feasible network.

Lemma 4.5. Denote (T,0,,) by Q'. Then the network #' = (G,P,Q’) has a feasible
flow iff yP(g).
Proof. 1t follows from Lemma 4.3 that #'=(G,P,Q') is feasible iff

Tl (Y) - p(FS(Y)) <0, VWCT

This is equivalent to
0(Z) —min{p(Ts(Y)) | Y D Z} <y(Z), VZCT.
From the monotonicity of p this is further equivalent 1o
o(Z) - p(T's(2)) <y(Z), VZCT,
which holds iff yeP(g). ]

Let B’ be the set of minimal nonnegative superbases of (2T,g). This is the
set of minimal nonnegative vectors y by which reductions of the demand make the
network feasible.

Let us consider the principal partition of the network ¥’ = (G,P,Q’). We
define £(y) to be the sublattice of 25 induced from the principal partition of
H'=(G,P,Q’). That is,

Lly)={S-U[3IWCT: (U,W)eU(y)},
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where U*(y) denotes the family of minimum-rank covers of X' = (G.P.Q’). Note
that £(y) is the set of minimizers of the submodular function f<m given by

, . % - .
(7) Fip(X) =01y (Tp(X)) = (X)) (X S8,
As to the principal structure of the submodular system (2%, /), we have the
following theorem whose proof is postponed to Section 4.3.
Theorem 4.6. Let X(f) be the principal semilattice of f. Then we have

X = 20 = |J £,

3;6% yeR’
where B and B' denote the set of minimal nonnegative superbases of (2‘q,f ) and
(2T g). respectively.

Note that the first equality is shown in Theorem 3.3. It will become obvious
from the proof that we may restrict y €8’ to be integral if the rank functions p and
a are integer-valued.,

4.3. Proof

We begin with a fundamental property of the parametrized family of super-
modular functions ¢ (-) defined by (6).

Lemma 4.7. For any Y1,YoCT and yy,y2 €RT it holds that

Ty (Y1) 4 000 (V2) < 00 vy (Y1 VY2) + 0y 040y (Y1 U Y2),

where y1 Vs € RT, yy Aya € RT such that (y1 Vya)(j) = max{yi(7).y2(j)} and
(n Ay2) () =min{y1(j),y2(j)} for j€T.
Proof. Suppose Z; C Y7 and Zy C Yy attain 0<y1>(Y1) = o(Zy) —y1(Zy) and
(7<y2>(Y2) = 0(Zy) — y2(Zy), respectively. Using the fact that Z1NZs C Y1 NY,
and Z1UZy CY1UY5, we have
Ty (V1) + 00,0 (Y2) = a(Z1) + 0(Za) ~ y1(Z1) — ya(Z2)

<o(ZiNZy) — (1 V(L1 N Z2) +o{Z1 U Za) — {y1 Ay )(Z1 U Zo)

<max{o(Z) — (1 Vy)(2) | Z C Y1 NYs}

+max{o(Z) — (y1 A y2)(Z) | Z C Y1 UYa}. i

As a consequence of this lemma, we have the following corollary on f<,>( )
defined by (7).
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Corollary 4.8. For any X1,X2CS and y1,v2 eR? it holds that

f(yl><X1) + f<y2>(X2) = f(illl/\y2>(X1 n XQ) T f(ﬂlVZJz)(Xl Y Xg).

Proof. Tt follows from Lemma 4.7 that
o (U7 (X1)) + 0y (Dp(X2))
2 U(?Jl/\yz)ﬁ(FT(Xl N Xa)) + J(ylvyz)ﬁ(rT(Xl U Xs)),

which, together with the supermodularity of b, completes the proof. |

This corollary plays an essential role in proving the following lemma similar to
Lemma 3.1.

Lemma 4.9. For any X CS and any y >0 we have
D(f; X) € D(fi); X)-

Proof. Fix X € D and put Dy = D(f;X) and D, = D(f<y>;X) for notational
simplicity. To establish Dy C Dy, it suffices to show

f(Do) = f(Do N Dy).

Since y is nonnegative, we have y V0 =1y and y A0 = 0. Then it follows from
Corollary 4.8 that

f(DO) - f(DO N Dy) > f(y)(DO U Dy) - f(y)(Dy)>
where the right-hand side must be nonnegative since X C DU D,,. [ §

Consider the reduction of (QT, g) by the zero vector. The rank function is given
by
go(¥) =max{g(7)| ZC Y} (¥ CT).
The base polyhedron of (2T,g) coincides with the set B’ of minimal nonnegative

superbases of (2T,g). Then we have the following lemma.
Lemma 4.10. For any €% there exists yc€®' such that D(x) CL(y).

Proof. Fix z €3 and denote the polymatroid (8, p+2) by P. Recall that B coincides
with the base polyhedron of (25,fA) where ]?is defined by (2).

As is shown in Lemma 4.4, the network Je = (G,P,Q) has a feasible flow .

Decrease the flow monotonously to get a flow ¢ such that T =907 ¢—~z and ¢ <.
Put y=0"%— 8 ¢, and then ¢ is a feasible flow in the network #' = (G,P,Q’).
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o~

Since y(T) =z(S) = f(S), it follows from (4) and (5) that y(T") = go(T), and thus
yed

We now claim that X €£(y) if X € D(x). Since the network #'=(G,P,Q’) is
feasible, it suffices to show that fi,\(X) < f,y(S). A direct calculation using (6)

and (7) shows that

Fipy(X) = oy (T) = o(T) + y(T) = p*(X) + min{o*(Y) —y(Y) | ¥ 2 T7(X)}.
Hence, noting f(S)=f(S)+min{f(Z)| ZC S}, we have
Fiy(X) = fiy (5) = min{o* (¥) =y(Y) | ¥ 2 T7(X)} = p(X) —min{f(2) | Z € S}

< 0 —~y(Dr(X))—min{f(2) | Z C S} < [(X)~2(X)~min{f(Z) | Z C S} =0,

where the last equality follows from zeB and X ceD(z). |

It follows from Lemma 4.9 that £{y) CX(f) for any nonnegative vector y. On
the other hand, Theorem 3.3 and Lemma 4.10 show that

x(n =< | L.

,1:6% ye,ﬁ;"

Thus we have proved Theorem 4.6.

4.4. Discussion

The previously known result {11] on the principal structure for independent
matchings can be understood from the present result as follows. Suppose both

P = (5,p) and QF = (T,0%) = (T,¢) are matroidal polymatroids, i.e., p(X) < |X|
for all X €5 and ¢(Y)<|Y| for all Y CT. Let M= (T,u) be the union matroid
of (T,7) and (T,¢*), where (T,7) is induced from P by G and (T,¢*) is the dual

matroid of QF. The rank functions are given by
wWY)=min{r(Z2)+"(Z)-|Z| | ZCY}+|Y|] (Y CT),
r(V) = min{p(Us(2)) - 121 | ZC Y} + Y] (Y CT),
GY)=Y]-0oY) YCT)
Then a simple calculation derives

w(Y) = Y]~ go(Y),

which implies that the integral bases of (27 go) correspond to the characteristic

vectors of the cobases of M. Suppose y € B’ is the characteristic vector of the
cobase K of M. Then we have

oY) =max{o(Z) - |ZNK|| ZC Y} =0o(Y - K).

Hence we have the following corollary to Theorem 4.6.
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Corollary 4.11. Denote by £|B] the sublattice of 2% induced by the principal

partition of g = (Gg,P,Q - B), where Gg is the induced subgraph of G on

the vertex set SUB, Let B be the base family of M and X(f) be the principal

semilattice of (25, f). Then we have X(f)= U £[B]. |
Be#

This is tantamounnt to the main result (Theorem 3) in [11], since

oy (J) = H(JUK) - 0! (K)

is the rank function of the contraction of Q* by K.

5. Conclusion

A concrete meaning of the principal structure of submodular systems is dis-
cussed. It has been shown that the principal structure is the coarsest decomposition
that, is finer than any decomposition induced by the principal partition with respect
to a minimal nonnegative superbase. This result reflects that the principal struc-
ture is essentially concerned with such concepts as nannegativity, whereas most
materials in submodular systems theory are invariant with respect to translations.

Appendix

This appendix explains the principal partition of the network #. See § 4.1 for
the notations,

Let
6" . (Up, Wo)2(UL, W1)Z2 - 2(U,, Wy)

be a maximal chain in U*, and put

So = S -~ Up, Ty = Wo,
Sp=Up1—Up, Tp=Wp-Wp_y fork=1,...,7,
Sec = Uy, Tw=T—W,.

Note that the network # has a feasible flow iff Sop =Toe =0.
Let Gp = (Sg,T%; Ag) be the induced subgraph of G for & = 0,1,...,7,00.
Polymatroidal structures are also induced by

Po = P/Up, Qo = Q x Wy,

Pr=P - Ug_ /Uy, Qp=QxW\Wi_;, fork=1,...,7
POO =P UTJ QOO = Q\WT>
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where Q x 1V denotes the contraction by T— W and Q\W denotes the restriction
to T—W". (See § 2.1 for the definitions of P/U and P-U.)

This decomposition of the network # into components #;. = (G, Py, Qp) will
be called the principal partition of #, and gives useful informations on the structure
of Hitchcock-type independent flows. For example, feasible flows never use the edges
that connect different components. Therefore we may compute a “minimum-cost.
feasible flow™ of a large-scale network # by solving the optimization problem in
cach component K. independently.

Suppose the rank finctions are given by p(X) = |X| and oY) = |V]. In

this case the principal partition of # is nothing but the Dulmage-Mendelsohn
decomposition [2] of the bipartite graph G. Thus the principal partition is an
extension of the Dulmage-Mendelsohn decomposition.
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